WEIGHTED APPROXIMATION OF FUNCTIONS ON THE UNIT 

SPHERE 



YUAN XU 



Abstract. The direct and inverse theorems are established for the best ap- 
proximation in the weighted space on the unit sphere of R"^"*"^, in which 
the weight functions are invariant under finite reflection groups. The theorems 
are stated using a modulus of smoothness of higher order, which is proved 
to be equivalent to a ii'-functional defined using the power of the spherical 
fc-Laplacian. Furthermore, similar results are also established for weighted 
approximation on the unit ball and on the simplex of M'' . 



1. Introduction 

Let S"^ — {x : \\x\\ = 1} denote the unit sphere in where denote the 

usual Euchdean norm. In the hterature, the best approximation by polynomials 
on iS''* usually deals with the norm defined with respect to the Lebesgue measure, 
which is the unique measure on the sphere invariant under the rotation group, 
and the spherical harmonics play an essential role in the study. In this paper we 
study the weighted best approximation for a family of weight functions that are 
invariant under reflection groups. 

For a nonzero vector v E R'*"'"^, let denote the reflection with respect to the 
hyperplane perpendicular to v, xu^ :— x — 2((a;, x G W^^^, where {x,y) 

denote the usual Euclidean inner product. Let G be a finite refiection group on 
M'^+i with a fixed positive root system normalized so that {v,v) — 2 for all 
V G i?+ . Then G is a subgroup of the orthogonal group generated by the refiections 
{(7y : V € R+}- Let K be a nonnegative multiplicity function w i— > defined on 
with the property that Ku = Kv whenever (t„ is conjugate to in G; then v Ky 
is a G-invariant function. We consider the weighted best approximation with 
respect to the measure h?^du} on S''', where is defined by 

(1.1) K{x) = n l(^'^)r"' xe«'+\ 

and du! is the surface (Lebesgue) measure on S"^. The function is a positive 
homogeneous function of degree 7^ '■— X])je_R+ '^w ^^"^ is invariant under the 
reflection group G. The simplest example is given by the case G = Z^+i for which 
is just the product weight function 

d+l 

(1.2) K{x) = Y[\x^r\ K,>0. 

i=l 
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We denote by the normalization constant of h^, a^-^ ~ J^a h^{y)duj, and denote 
by LP{hfJ, 1 < p < oo, the space of functions defined on S"^ with the finite norm 

||/||«,P {a. \fiy)fhliy)My)) 1 < P < oo, 

and for p = oo we assume that is replaced by C{S'^), the space of continuous 
functions on S'^ with the usual uniform norm ||/||c>o- 

The homogeneous polynomials that are orthogonal with respect to h^doj are 
called /i-harmonics, they are defined and studied by Dunkl ((7| Eli see 9 and 
the references therein). The /i-harmonics satisfy many properties that arc similar 
to those of ordinary harmonics. In particular, results on summability of the h- 
harmonic expansions have been developed in |28l ll^^l 1271 1^ . While some of the 
results can be derived using methods similar to those used for ordinary harmonics, 
others become much more difficult to establish, largely due to the fact that the 
orthogonal group acts transitively on the sphere S"^ but a reflection group does not. 

In order to understand the situation, to detect the obstacle in extending results 
for the Lebesgue measure to measures invariant under the reflection group, we study 
best approximation in LP{hf^) in this paper; that is, we consider 

En{f).,p ■■= inf {II./ - P|U,p : P e nf+i} , 

where 11^+-'^ denote the space of polynomials of degree at most n in d + 1 variables. 
For the Lebesgue measure on 5"*, the problem of best approximation has been stud- 
ied by many authors. We refer to p^ llll[T^ll5lll7| and the references therein. Much 
of our study uses the ideas of these authors, since it turns out that their results 
can be extended to the weighted case with a proper definition of the modulus of 
smoothness. Such a definition is given recently in )29| in terms of a weighted spher- 
ical means for hf. in p.2|l . where we also proved that the modulus of smoothness is 
equivalent to a K- functional. If fact, the starting point in [221 is the K- functional 
since it arises naturally from the study of the de la Vallee Poussin means of the 
/i-harmonic series (see also jj). It turns out that this modulus of smoothness can 
be used to give both direct and inverse theorems for the best approximation in 
LP(/i^). Furthermore, it is possible to extend its definition to modulus of smooth- 
ness of higher order, prove that the extension is equivalent to the K-functional of 
higher order, and use it to establish direct and inverse theorems. This extends the 
full strength of the work for the Lebesgue measure on the sphere in Rustamov ^7] 
to the weighted case. 

As one consequence of a weighted approximation theory for the unit sphere S'^, 
we are able to establish a similar theory for the weighted approximation on the unit 
baU B'^ = {x : \\x\\ < 1} of W\ in which the weight function takes the form 

w^^^{x) = hiix){i-\\xrr-'/^ xeB', 

where is a reflection invariant weight function on R'^ and /i > 0. The case 
hnix) = 1 corresponds to the classical weight function W^(a;) = (1 — ||a;|p)^~^/^. 
Moreover, there is also a close relation between the unit ball and the simplex T"^ = 
{x gM.'^ : xi > 0, ■ ■ ■ ,Xd > 0,1 — \x\ > 0}, where \x\ ^ xi + . . . + x^, which allows 
us to further extend the theory to the weight approximation on T'^, in which the 
weight functions take the form 

W^^ix) = hli^u . . . , - \x\r-^'y^xi---xd, 
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where /i > 1/2 and is an reflection invariant weight function defined on K*^ and 
/ik is even in each of its variables. The case hi^{x) = Y[i=i l^il'^'^' gives the classical 
weight function on the simplex. 

To emphasis the generality of the results, let us list several other families of 
weight functions beyond those in 1)1. 2|l . For symmetric group oi d+1 objects, 

(1.3) h^{x)= Yl \x,-x,\\ K>0. 

l<ij<d+l 

For hyperoctahedral group, the group generated by the reflections in Xi = 0, 1 < 
i < d + 1 and Xi zL Xj = 0, 1 < i, j < d + 1, 

d+1 

(1.4) K{x)^Y[\x,r'> n k^-xir^, Ko,Ki>o. 

i=l l<ij<d+l 

Let us also mention that our results are often new even in the case of one dimension, 
or [—1, 1]. For we have the dihedral group for which 

(1.5) K{xi,X2) = \r"'cosme\''^ysmme\''\ (a;i, xa) = r(cos 6*, sin6'), 

where to is a positive integer, which can also be written in terms of Chebyshev 
polynomials of the first and the second kind. 

The paper is organized as follows. In the following section we give definitions and 
discuss further properties and applications of the modulus of smoothness defined in 
|29) . In Section 3 we define and discuss the modulus of smoothness of higher orders, 
use it to prove the direct and inverse theorems and show that it is equivalent to a 
K-functional of higher order. The weighted approximation on the unit ball B'^ and 
on the simplex T'' is discussed in Section 4 and Section 5, respectively. 

2. MEANS OF /l-HARMONIC EXPANSION AND MODULUS OF SMOOTHNESS 

2.1. /i-harmonic expansions. Let be the refiection invariant weight function 
defined in (|1.1|) . The essential ingredient of the theory of /i-harmonics is a family 
of first-order differential-difference operators, called Dunkl's operators, which 
generates a commutative algebra; these operators are defined by ([7]) 

VJ{x)^dJ{x)+ V k,M^Ll^{v,s,), l<^<d+l, 

It 111 



+ 



where ei, . . . , Ed are the standard unit vectors of M''+^. The ft,-Laplacian is defined 
by A/i = Vl + . . . + T^d+i ^^"^ it plays the role similar to that of the ordinary 
Laplacian. Let V^^^ denote the subspacc of homogeneous polynomials of degree 
71 in d -f 1 variables. An /i-harmonic polynomial P of degree n is a homogeneous 
polynomial P G such that A/jP — 0. Furthermore, let ■^^^^^(/i^) denote the 

space of /i-harmonic polynomials of degree n in d + 1 variables and define 

{f,g)K-=ai^ f{x)g{x)hl{x)duj{x). 

JS'' 

Then {P, Q)„ = for P e U^+'^ihl) and Q e nf^t\. The spherical /i-harmonics are 
the restriction of /i-harmonics on the unit sphere. Throughout this paper, we fix 
the value of A as 

(2.1) A := 7k + with 7^ = ^ k„. 
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In terms of the polar coordinates y = ry' , r — \\y\\, the /i-Laplacian operator A/i 
takes the form (^) 

92 2A + 1 a 1 . 

A/i = -—J H — + — A/i.o, 

or^ r or 

where A/j^o is the (Laplace-Beltrami) operator on the sphere. Hence, applying A/j 
to /i-harmonics Y G 7i„(/i^) with Y{y) = r^Y{y') shows that spherical ft,-harmonics 
are eigenfunctions of A^.o, that is, 

(2.2) Ah,oYix) = -nin + 2\)Y{x), x e S\ Y eUUhl). 

It is known that dimH„(/i^) = dim'P,'f - dim7',^_2 with dimP^ = ("^d"^)- 

The standard Hilbert space theory shows that L'^ih'^) = X]^o® ^"^^('''k)- 
That is, with each / g L'^^hl) we can associate its /i-harmonic expansion 

00 

f{x) = Y.^n{hl;f,x), xeS", 

in LF'{h\) norm. For the surface measure {n = 0), such a series is called the 
Laplace series (cf. ^1 Chapt. 12]). The orthogonal projection Yn{h?^) : L'^{hfJ 1-^ 
ni+^{hl) takes the form 

(2.3) Y,,{hl-f,x):= f f(y)Pn{hl;x,y)hl{y)duj{y), 

where P„(/i^; x, y) is the reproducing kernel of the space of /i-harmonics 7ijJ+^(/i^). 
This kernel has a compact formula in terms of the intertwining operator between 
the commutative algebra generated by the partial derivatives and the one generated 
by Dunkl's operators. The intertwining operator is a linear operator determined 
uniquely by 

KPnCP„, Ki = i, i?,K=K5„ l<Z<d+l. 
The compact formula of the reproducing kernel for Hn'^^ihf.) is given by (\2'd\) 

(2.4) Pn{hl;x,y) = !i±^K[C;^((-, 2;))](a:), 

where is the usual Gegenbauer polynomial of degree ji. If all Ky = 0, becomes 
the identity operator and the right hand is the so-called zonal harmonic. However, 
an explicit formula of is known only in the case of symmetric group S3 for three 
variables and in the case of the abelian group Zj^^. In the latter case, is an 
integral operator given by (|H1E21) 

„ d+l 

(2.5) VJ{x)^c^ f{xih,...,Xd+itd+i)Y[i^ + W-tlT'''dt, 

where denotes the constant Ck = . . . ^k^+i and b^^ ~ Xl]^(l — t^Y^^dt. If 
some = 0, then the formula holds under the limit relation 

hm 6a f{t){l - t^-'dt - [/(I) + /(-l)]/2. 
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This leads to an explicit formula for the reproducing kernel. One important prop- 
erty of the intertwining operator is that it is positive (^^1); that is, Vp > if p > 0. 
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Another important property is that Vk satisfies 

(2.6) a. / VJ{{x,y))hl{y)My)=cx I f{t){l - e)^-'^^dt, xeS", 



IS'' 

where c'^ = /^^(l - t^)^-^/^dt = r(A + l/2)^/T{\ + 1). 

The compact formula 1)2. 4|) of the reproducing kernel and the equation (|2.()|) 
indicate that the summability of the /i-harmonic expansion is related to Gegenbauer 
expansions. The Gegenbauer polynomials C^{t) are orthogonal with respect to the 
weight function 

wx{t)^{\-t^f-^/^, ~l<t<l. 
We denote by ||g||u,;^.p the weighted LP{w\) norm for functions defined on [—1, 1], 

\\9\U,p^[cx j W)Y'wx{t)dtY'' 

for 1 < p < oo and ||g||u,;^,cio = \\g\\oa is the usual uniform norm on [—1, 1]. For a 
function g G LP{w\), its Gegenbauer expansion takes the form 

9{t) - E bn-^C^(t) with fo„ = -g- /' g{t)C^^{t)w,{t)dt, 

since = C';^(l)A/(n + A) (cf. m P- 80]). 

We will often encounter integral operators for functions on S'^ whose kernels take 
the form of G{x,y) = VK[g{{x, ■))]{y), where g : [—1,1] i— *■ K. Such an operation 
defines a sort of convolution of the functions / on S"* and g on [—1, 1], which we 
denote by / 5- Formally, we define 

Definition 2.1. For f e LP{hl) and g £ L'^iwy, [-1, 1]), 

if g){x) -.^ a, I f{y)VM{^-rmy)hl{y)dw. 



For the surface measure (V^ = id), this is called spherical convolution in 
It satisfies many properties of the usual convolution in R''+^. In particular, the 
familiar Young's inequality holds, which we state as follows. 

Proposition 2.2. Let p,q,r > 1 and p^^ = r^^ + q^^ — 1. For f G L'^{hf.) and 

5ei'"(wA;hi,i]), 

||/*fc.9||K,p < ll/IU,gll5l|t«A,'-- 

Proof. The usual proof for Young's inequality works. We only need to notice that 
the inequality 

||G(a;, •)|U,r < ||.gL;,,r, where G{x,y) ^ V^[g{(x, ■))]{y), 

holds, which we prove as follows: The fact that is positive shows that \Vg\ < 
V[\g\]. Hence, the equation H2.6|l leads to 

\G{x,y)\hl{y)d^<aJ V^M{x, ■))W{y)hl{y)duj ^ cx I \g{t)\wx{t)dt. 
Js'' J-i 

So that ||G(x,-)IU,i < II sllwAji- Evidently, we also have ||G(a;, •)||k,oo < Il5ll 
The Riesz interpolation theorem shows then \\G{x, •)IU,r < ||5lUA,r- D 
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We will need the Cesaro (C, 5) means of the orthogonal expansion. For 6 > 0, 
the Cesaro (C, S) means, s^, of a sequence {c„} are defined by 

^ ^ ^ ^ ^ ^ . ^ j ^ 



n 



- k 



k=0 

For the Gegenbauer expansion with respect to w\, we will use the notation 

P„(u;A;x,t) = ^^%J^ and P^{wx;t) ^ P,,{wy,l,t). 

Then the (C, S) means of the Gegenbauer expansion, denoted by {w\ ; /) , can be 
written as an integral operator, 

where, P.^{wx; x,t) is the {C,S) means of the sequence {Pn{w\;x,t)}. It is known 
that Sfi{'w\; /) converges to / in LP{w\) norm if (5 > A. 

Using the notation of spherical convolution and (|2.4|l . we can write H2.3(l as 
^".(^k! /) = /*K Pn{wx)- Furthermore, we denote by Sf^{h'^; /) the (C, 6) means of 
the sequence {Yn{hl; /)}. Then, by H2.4|) . 

SUhl-J)=a. f f{y)V^[Pi{wx-.{x,-)A)]{y)hl{y)dLo ^ f ^^Piiwx). 

where we define P^{wx;t) = P^{wx;t,l) and A as in (|2.1|l . It is proved in |23| 
that S^{h'j.] f) converges to / in LP{hf.) norm if (5 > A, and the Sf^{hf^] /) defines a 
positive operator if (5 > 2A + 1. 

2.2. Spherical means. For the Lebesgue measure, the modulus of smoothness is 
defined via the spherical means, denoted hy Tgf, 

(2.7) Tefix) = , 1 / fiy)My), 



ad-iism9) 



{x,y)—CQS 9 



where ad-i = /^d-i duj — 27r''/^/r(d/2), which is the surface area of S'^~^. The 
properties of the spherical means are well-known; see pill5|. for example. 

An extension of the spherical means associated with h'^dco, denoted by Tgf, is 
defined in ^ in an indirect way: 

Definition 2.3. ForO<0<TT, the means Tg are defined by 
(2.8) CA^ Tg-f{x)g{cos0){sm0f^d9^a^ [ f{y)VM^,my)hl{y)duj{y), 
where g is any L^{w\) function. 



By Young's inequality in Proposition 12.21 the right hand side of H2.8|l is finite 
for / G L^{hf^) and g S L^{wx) independent of x. Hence, for each f & and each 
X e S''', the left hand side is a bounded linear functional on L^{w\) so that Tgf{x) 
is a unique function of 6 in L°°{w\) by ^1 Theorem 6.16, p. 127]. 

The definition is shown to be a proper extension of Tgf in [221, since the definition 
of Tgf in H2.7|l satisfies 1)2. 8|l when k = and — id. Furthermore, if f{x) = 1 
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and Tgf{x) — 1, then (|2.8(l is the equation H2.6(l . By the definition of / g, we 
can write H2.8|l as 

(2.9) if*.g){x)^cx f nf[x)g[cose){smef^de. 

Jo 

The main properties of the means Tg f are given in the following proposition. 
Proposition 2.4. The means Tg f satisfy the following properties: 



(1) Let foix) = I, then T^ fo{x) = 1. 

(2) ForfeL^hl), 



YniK- T^f) 



m particular, ^ufiT^f = T^{^hflf) if ^h.of e L\hl) 

(3) r.'^in;^^. ^n;^|5. and 



(4) ForQ<e< TT, 
nf - f 



{sin s)-'^ds / rf(A^,o/)(sini)^^dt 



(5) For f e LP{hl), l<p<oo, or f e C{S'^), 

\mf\U,P < \\fL,p and hm \\Tg^ f - f\\,,p = 0. 



9^0 



Proof. These properties are analogous of those for the means Tg (see The 
first four properties were proved in P9j . and the property (5) was proved there only 
for Hk in (|1.2|) . We prove (5) for in general below. By Young's inequality, 

i/p 



CA / T^f{x)gicos^)ism^y^d(l) 



h^{x)duj < ||/||„,p||g||^;,4 



for any g G L^{w\). For a fixed 6 G (0,7r) and a sufficiently large integer n, choose 
g such that g(cos0) = l/B{n), Bn{0) = cx Jg^^j" {sin (l))'^^d(f) if \<j) - e\ < 1/n and 
g{cos9) = otherwise, it follows that = 1 and 



1 



e+i/r, 



T;f{x){sineY>^d<j, 



hl{x)dco < WflUp. 



Sd Bn{0) Jg-i/r: 

The fact that Tgf € L°°{w\) implies that Tgf G L^{w\). Hence, the inside integral 
converges to Tgf{x) for almost all 9 and the Fatou's lemma shows 

p 



|r,«7||S.p<liminfa« / 



1 



Bn{0) J 0^1/ 



e+i/n 



T^ f{x) {sin ey^d^b 



hl{x)du; < \\f\\P 



for almost all 9. Furthermore, the property (3) shows that for any polynomial /, 
Tgf is a continuous function on 9. Hence, ||T^/||k,p < c||/||k,p for all if / is a 
polynomial. Taking, for example, as Cesaro (C, 6) means of the partial sum of / 
with (5 > 2A + 1, so that fn are positive and /„ converge to / in L'P{h?^) (|2SI)- Then 
Tfn converges to Tf, so that \\Tgf\\f^^p = lim„^oo \\Tgfn\\K,p < clim„^oo H/nlU.p = 
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c||/||k,j9- This proves the first part of (5). The second part is a simple consequence 
of the first part as in [5^1 • D 

In the case p — 2, (5) also follows from the Parseval identity. Indeed, the property 
(2) implies that 

2 oc 

rn(/^^;/)lll2 < E ll^-C^-/)!!'.^ = ll/ll«,2, 

71=0 

since |C,^(cos0)| < C^{1). For in (|1.2|) . the explicit formula of the intertwining 
operator in (|2.5|l is used to prove the inequality. 

One may attempt to define Xe{{x,y)) as the characteristic function of the set 
Sg := {x & S"^ : {x,y) = cos9}, so that the ordinary spherical means Tgf{x) can 
be written as 

Tf>f{x) = ^ [ f{y)xe{{x,y))duj{y). 

Since the set Sg is a copy of S'^~^ , which is one dimension lower than S''', the 
function xe it) behaves like a distribution function (Dirac delta function) . Formally 
we can write 

^e'''^^^) = -77-1^''- I f(y)^^\-Xe{{x, ■my)hl{y)du: 
c>,^smcj J gd 

and use it to show property (5). However, since xe(^) is a distribution, we would 
have to show that Vxe{{x, y)) is a measure in order to carry through the calculation. 
Without further information on V^, this appears to be difficult. The author is in 
debt to an anonymous referee for pointing this out. 

2.3. Modulus of smoothness and best approximation. The properties of T^/ 
are parallel to those of Tef . They lead to the following definition of an analog of 
the modulus of smoothness: 

Definition 2.5. For J £ LP{hl), l<p<oo, or f e C(S'^), define 

^{f,t)n,p^ sup \\Tg^f~f\\n,p. 

a<e<t 

Property (5) of Proposition 12.41 shows that, for / e LP{hf.), uj{f]t)n,p if 
t ^ 0. Moreover, it is proved in 29 that this modulus of smoothness is equivalent 
to a K-functional. Let 

W^ihl) = {/ e LP{hl) : -fc(fc + 2X)Pk{hl- f) = Pk{hl;g) for some g £ (/i^)}. 

Recall that A^^ denote the spherical /i-Laplacian. If A^fif G LP{h'^), then / g 
VV"'(/i^) since we can take g = Ah^f (see <\2.2^). The Peetre K-functional between 
LP{hl) and WP{hl) is defined by ' 

K{f, t)n,p inf {11/ - .glU.p + t\\Ah,o g\\..^p, g G 
The following proposition is proved in |29| : 

Proposition 2.6. For < t < 7t/2, there exist constants ci and C2 such that 

CiUj{f,t)n,p < K{f,t^)n,p < C2Uj{f,t)n,p. 



mf\\i2 



E 



calicos 9) 
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Among the usual properties of the modulus of smoothness satisfied by uj{ f, t)K^p, 
we mention the following property: there is a constant c such that for t > 0, 

(2.10) Lu{f, t6)^,p < cmax{i2, l}u;{f, S),,p. 

This important property is not obvious from the definition of t)^^^, it follows 
as a consequence of the equivalence to the K-functional. 

As an application of the definition of i^{f] t)K,p we consider the convergence of 
the Poisson integral, defined by 

f r 1 — 1 

Prif; x) = a, j^^ f{y)V^ [ {I - 2r{x,-) + r^Y+A 

for X G S"^ and r < 1. The kernel function of this integral is the Poisson kernel for 
the ^.-harmonics, which is equal to J2^=o''""Pn{hf^,x,y) ((51). 

Proposition 2.7. For f e LP(hl), 1 < p < oo, or f e C(S"*), p = oo, 

hm \\Pr{f,x)- f{x)U,p = 0. 

1 — >1 — 

Proof. The equation p. 8(1 allows us to write 

Prif;x) = {f*Pr)ix) with Pr{t) ^ " 



(1 - 2rcos6' + r2)^+i' 



where Pr{t) is equal to the Poisson kernel Pj.{w\] t, x) of the Gegenbauer expansion 
with X — 1. In particular, c\ /g Pr {cos 9) [smOY^dO = 1. Consequently, for any 
e > 0, H2.9|l and the Minkowski inequality shows that 



\\PrI~f\\n,p^ CX {nf{x)~ f{x))Pr{cOSe){sinef^de 
JQ 

<cx f Wm - f\\,.,pPricose)isin9f^d9 
Jo 

< c^(/;£)«,p + 2||/|U,pCA ^ P,(cos0)(sin0)2^d0 
<c.(/;e)«,p + 2||/|| ^"'^^ 



'"'^(1 -2rcose + r2)^+i' 

Taking the limit r 1 gives \\Prf — fWn.p < '^(/;e)K,pj which leads to the stated 
result since e is arbitrary. □ 

In particular, if / is continuous on S'^' then the proposition shows that Pr{f;x) 
converges uniformly to f{x). One should compare this with |22l Theorem 4.2], in 
which Pr{f;x) is proved to converge pointwise to f{x) for the case of h"^ in H1.2|l : 
the proof there uses the explicit formula of in 1(2. 5|l and is much more involved. 

We can also use w(/, i)^,^ to study best approximation by polynomials and give 
the direct theorem and the inverse theorem. Although more general theorems will 
be given in the following section, we give the directed theorem below since its proof 
is constructive and further justifies the definition of Lu{f, t)i^^p. 

Theorem 2.8. For f e LP{hl), l<p<oo, 

En{f)K,p < cuj{f,n~^)^^p. 
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Proof. Let s be a fixed positive integer and s > A + 2. Let n = ms. We use the 
classical Jackson kernel defined by 

1 /sinTO6'/2\2s 

where ri„ is a constant chosen such that c\ /J^ J„(cos 6')(sin 6')^'^d0 = 1. It is known 
that Jn{t) is a nonnegative polynomial of degree n = ms (cf. P- 203]). Using 
Jn we consider f -kn Jn- Evidently, / Jn is a polynomial of degree at most n and 
by (|2.8(l we can write 

if*. Jn)ix) ^c^ f Tg-if;x)J,,{cosd)isin9)^^d0. 
Jo 

In particular, (/o *k Jn)ix) = 1 for /o(a;) = 1- Therefore, we have that 
||/*«^-/|U.p = CA / J„(cos0)(/(a;)-Te'^(/;x))(sin0)2^d0 

Jo K,P 

< CA r 11/ - re'^(/)|U.pJ„(cos^)(sin0)2^d0 
Jo 

Splitting the integral over [0, tt] into two integrals over [0, 1/n] and [1/n, tt], respec- 
tively, and using the definition of t), we conclude that 

||/*« J„-/IU,p<c^(/,n-i)«,,p + CA / Lo{f,e)^^pJn{cos0){sme)^^d9. 

Jl/n 

From the property (|2.10|) of the modulus of continuity, it follows that for 6 > n~^, 

w(/,6')«:,p ^uj{f,n0/n)^^p < cmax{l,n^0^}uj(f,n-^)^.p = cn^0^uj{f,n'^)^^p. 
Therefore, it follows that 

||/*« J„-/IU,p<c^(/,«-')«,p + J^^ e^Jnicos0)ism0f^d0^ . 

We write A„ x _B„ if ci < |A„/i3„| < C2 for two constants Ci and C2 independent 
of n. As in p. 204], we have 



/sinm6'/2\2s /sinm6'/2\2s 
(— ^) (sin.)-d.x( (^^) ^.-(cos./2)-d. 



Jo V / V to/ 
since s > A + 2. Similar estimate gives 

r e'Mcos0){sin0r'd0 = re^ r'!zT Y'd0 ^ n-^ 

Jo "n Jo ^ sm&/Z / 

which proves the stated estimate. □ 

We end this section with a proposition which will help us to deal with the 
spherical convolution f 9- 

Proposition 2.9. Assume g G L1(wa, [-1, 1]) and g{t) ~ Y.n=o^n^^C^{t). If 
f G LP{hf.) then the function f -k^g is an element in LP{h^) and 

oo 

fk^g^Y.^Mhl-J). 

Tl = 
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Proof. The assumption on g imphcs that VK^\{{x,y)) G L^{h'^) by l|2.6|l . Young's 
inequahty with r = 1 shows that f *k g & L^ihl). For any F^f- e Ti'^hl), part (2) 
of Proposition gives 

««/^^ V^y'>[g{{x,y))]Y.::{y)hl{y)duj = [\,-Y:: {x)g {cos 6) {sin Of ^d9 



c^a) Jo 



g{cos0)C}:{cose){sm9f^deYj^{x) = b„Y^{x) 



so that y)) ^ J2^=o ^nPn{h\]x, y). Let Pr{f) denote the Poisson integral 

of /. For < r < 1, the expansion 

oo 

F.(/,a:) = ^r"y„(/i2;/,a;) 

n=0 

holds uniformly for x ^ S'^ , which allows us to integrate term by term. Conse- 
quently, for < r < 1 the function Prf -*^k g is well defined and it follows that 

for any Y^ £ 7i^(/i^). Furthermore, Young's inequality shows that 

\\Prf*. g - /|U,p < \\Pr{f) - /||k,pI|.9|U.,1 

so that \\Prf *fc — / *K slU.p — > as r — > 1 by Proposition 12.71 Consequently, 
{f*.g,Y^).,p = lini,.^i(P./*«5,i"„'*)«,p = br,{f,Y^).,p. □ 

3. Modulus of smoothness and K-functional of higher order 

If s is an integer, then (— A;i_o)'' — ~'^h,o{~^h.o)^~'^ is well defined. By 1)2. 2|l . 
{—Ah,o)^g ~ X]J^i('^('^ + 2A))''l^(ft-^; g). We can also define the fractional power 
of Aft,^o using the /i-harmonic expansion. 

Definition 3.1. Let r be a positive integer. Define {—Ah.oY^'^g 

oo 

{-Ah..oY'h ~ Y.^n{n + 2\)Y/^Yr.{hl- g). 
Furthermore, define the function space yVP(ft-^) by 

W?{hl) - {/ e LP{hl) : {k{k + 2X)Y^Pu{hl-f) = Pk{hl;9) for some g e LP{hl)}. 

By definition, the space yV^'(/i^) defined in the previous section is the same 
as yV^{hl). If {-Ah^oY^^f G LP{hl) then / e WP{hl) since we can take g = 
{-AhfiY^'^f in tlie definition. On the other hand, if / e W?(/i^), then |j2!2l shows 
that g and {—AhfiY^^ f have the same coefficients in their ft,-harmonic expansions, 
so that g = (— A/j.o)'"/^/ in the LP{hf,) norm, which shows that (— A/i.c)*"/^/ G 
LP{hf.). In fact, if F is a function whose coefficients {F,Yj^)i^^p = for all Yj^ e 
H'IY^{h'i), then considering the Cesaro (C, A + 1) means (so that the means con- 
verge) shows that ||P||k,p — 0. 

For each r > 0, by a result of j21 Theorem 1 and Theorem 3], there is a function 
(j)r{x) such that (j)r is continuous on [—1, 1), (pr G L^{w\, [—1, 1]), and 



oo I 

Mt) - Y.^n{n + 2X))-'''^'^C^{t). 

n=l 
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Furthermore, it follows from the theorems in 2 that <j)r G LP{w\, [—1,1]) if r > 
(2A + l)/q, where p^^ + q^^ = 1, and (pr is continuous on [—1, 1] if r > 2A + 1. 

Lemma 3.2. If f e W;{hl) then f{x) = (-A/.o)'-/^/ 0, m LP{hl). 

Proof. For / G LP{h\), the Proposition 12 . 91 shows that f -k^ (f),. £ LP{h\) and 

oc 
n=0 

If / e W;{hl), then {-l^hfiY/^f e LP{hl) so that (-A„,o)''/2/*« 0r e L^/i') and 

OO OG 



n=l 



It follows that {~AhflY/^f -k^<t)r^ f in L^C/i^). □ 

In the following we shall use c to denote a generic constant, which depends only 
on d, p, r and k and whose value may be different from line to line. 

Theorem 3.3. For f G W:^{hl), l<p<oo, 

< cn-ni(-AM)""/'/IU,p- 

Proof. Let cr be a positive integer, cr > 2A + 1 so that P^{w\\x,t) is nonnegative. 
Using summation by parts repeatedly on the expansion of (t>r{t), we can write 

Mt)^Y.^A-+^f^{k)(^^^^''yawy,t,l), M(fc) = (fc(fc + 2A))-'^/^ k>l 



and /i(0) ~ 0, where A'"/i(fc) denotes the m-th order finite difference, defined by 
An{t) = ^{t) - fiit+1) and A™+i = A(A™). Let q„ be the n-th partial sum of the 
above series. Then {—AhflY^'^f *k <Zri is evidently a polynomial of degree at most 
n. It follows from the Lemma [3.21 that 

< ||(-A,,,o)''^VllK.pll0r(cos6') - (7„ (cos 61)11^^,1. 

Since P^{'w\) is nonnegative, ||P,'^(wa; •, 1)||k,i = 1- The finite difference satisfies 
A™/i(i) = for some ^ between i and i + m. With fi{t) = {t{t + 

2A))~''/^, it is easy to verify that 

^ (_l)'^+ir(r + 1) • • • (r + (T)/i(t)i-''-\ 

so that |A'"+V(fc)| < cfc-'-'^-i. Therefore, using - k"^ , it follows that 



||0,(cos0)-g„(cos(?)||,„,,i-| E A-+i/i(fc)( ^'')p^{wx;t,l) 

CO 

<c E |A-+V(fc)l 

k=n+l 



k 

k + a 



fc=n+l 

which completes the proof. □ 
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For the ordinary spherical harmonics the above theorem was essentially proved 
in jllj . and the proof follows the same line there. The idea of using summation 
by parts and the Cesaro means plays an important role in the proof of the direct 
theorem for the Lebesgue measure in _IT7j which we follow in the development below. 

Using the space of yVp{hf.) we can define a K-functional of r-th order. 

Definition 3.4. For r e N, the K-functional between LP{h^) and W^{h'^) is 

KrU;t).,p :=inf{||/-g|U,p + r||(-A^,o)'-/2g|U,p, geWP{hl)}. 

We note that the relation with the K-functional defined in the previous section 
is K{f,t^)^^p = K2{f,t)^^p. Since En{f)n,p < \\f - g\\K,p + En{g)K,p, it follows from 
Theorem 13.31 that 

(3.1) EJf)^^p<cKr{f;n-')^^p. 

Our goal is to prove the similar result using the modulus of smoothness of higher 
order, which is defined using the power of the operator I—Tg . If s is an integer, then 
{I~TgY — J2k=o(~^y it:)('^e)^ ■ We can define the fractional power of the operator 
similarly. However, recall that T^Yr,{hl; f) = {C^{cose)/Cj^{l))Y„{hl-J) by the 
Proposition 12 . 41 we define the fractional power using the /i-harmonic expansion. 

Definition 3.5. Let r <eN. Define 

oc 

(/ _ T,r^'f - " Ril{cosd)r/'Y,,{hl; /), R^it) := C^{t)/C^{l). 

n=0 

For f e LP{hl), l<p<oo, or f e C{S'^), define 

u;r{f,t).,p:= sup \\{I-ny^'\\..p- 
o<e<t 

We note that the modulus of smoothness defined in the previous section corre- 
sponds to W2(/, t)K,p- For the Lebesgue measure (k = 0), such a definition was given 
in |17j and the case r being an even integer had appeared in several early references 
(see the discussion in jE]). Some of the properties of uJr{f,t)K,,p is collected below. 

Proposition 3.6. The modulus of smoothness LOr{f,t)i^^p satisfies: 

(1) a;.(/,i)K,p-^0 ift^O; 

(2) LJrif ,t)K,p is monotone nondecreasing on (0,7r); 

(3) UJrif + g, t)f,^p < UJrif, t)f,^p + ujr{g, t)f,,p; 

(4) For < s < r, 

cx^.(/,i)K,P<2«'-^+i)/2la;.(/,i).,p; 

(5) // {-Ahflff e LP{hl), k e N, then for r > 2k 

Wr(/,i)K,p < ct^''uJr^2k{{-Ah,o)''f,t)K,p- 

Proof If |l/|U,p < 1 then ||T«/|U,j, < 1 and 

n=0 ^ ^ 

in the LP{hl) norm, so that ||(/ - T^Y''^f\\K,p < 2[(''+i)/2l||/||«,p. Notice also 
that the space of polynomials is dense in LP{hf,). The first four properties of 
uJr{f,t)K,p follow easily from the definition and the above inequality. To prove 
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the fifth property, we notice that (/ — T^y/"^ commutes with A;i,o by definition. 
Property (4) of Proposition lO shows that ~ Tl})f\\,,.p < ct^ || (~A,,,o)/|U,p, 
using this inequahty repeatedly gives the stated property. □ 

We will prove a directed theorem using tOrif, t)K,p and also prove that ujr{f, t)i^^p 
is equivalent to Kr{f]t)K,p- For the Lebesgue measure (k = 0), this was studied 
by several authors and finally solved by Rustamov in (also see ^2) for the 
historical account). In the remainder of this section, we will follow the approach in 
|17| closely. Along the way, we will point out the similarity and the major difference 
in the proof. 

Let rj G C°°[0, +oo) be a function defined by r]{x) = 1 for < a; < 1 and 'ri{x) = 
if a; > 2. Define a sequence of operators rjn for n S N by 

k=0 «=0 

Since rj{k/n) = if fc > 2n, the infinite series terminates at fc = 2n — 1 so that ?7„ 
is a spherical polynomial of degree at most 2n — 1. Furthermore, if P is a spherical 
polynomial of degree at most n, then Yk{h^; P) = ior k > n and the definition 
of rj shows that r]nP — P- The main properties of rjn are given in the following 
lemma. 

Proposition 3.7. Let f e L^Qi^^), 1 < p < oo, then 

(1) 7?„/ e and ?7„P = PforPe 

(2) forneN, h„/|U,p < c||/|U,p; 

(3) forneN, 

11/ - VuJWk.p < cEn{f)K.,p. 

Proof. The proof uses the summation by parts and (C, S) means as in the proof of 
TheoremESl Young's inequality (with r = 1) gives ||?7„/||k,p < ||/||K,p||r?n(u'A)|UA,i 
and, with the notation as in the proof of Theorem 13.31 we can write 



|r,„(z«A)|k„„i = II E ^'^'^(^) ( 1 ^fe (^a; ^, 1) 



k=l 
2n 

k" < 



since 77 G C°°[0,+oo) implies that \A"'~^^ri{k/n)\ < cn ^. This proves the part 
(2). The part (3) is an easy consequence of (1), (2) and triangle inequality. □ 

For Lebesgue measure (k = 0), this construction appears in JJj and the proof is 
identical. We repeated the proof since it is simple and reinforces the idea used in 
the proof of Theorem 13. 31 The same idea is also used in the following proposition, 
whose proof essentially follows from the analogous result for the Lebesgue measure 
in 22]. We give an outfine of the proof. 

Proposition 3.8. Suppose <t < 7r/(2(n + A)). For f e LP{hl), 1 <p<oo, 

(3.2) ll(-A,,o)''/V/IU.p< ct-ni(/-Tf)^'^/VlU.p; 
furthermore, 

(3.3) \\{I-T,Y^'VnfL,p < ct'-|l(-A/.,o)'-/VlU,p. 
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Proof. Since Pnih^f^] f) = f*KPniwx), it follows from (|2.2(l and ProDOsition l2.4l that 



oo , 



where ae(fc) = {k{k + 2\)Yl'^/{\ - i?^(cos e))''/^. Therefore, we have 
where, using summation by parts as in the proof of Theorem 13.31 



k + a 
k 



a(0; t) ^ ry^- j a^WPfcK; = E h(^) "»(^) 

k=l k=l 

The same consideration also shows that 

(/ - ny/^r^nf = i-An,oy^'f /3(0), 
where, defining /3e(fc) = (1 - i?^(cos 6'))''/V(fc(fc + 2A))''/2, we have 



k + a 
k 



PZ{wx-t). 



fc=i fc=i 
Thus, as in the proof of Proposition l3.7l the proof of the two inequalities is reduced 
to prove 

2n-l - ' k' ' ' 2n-l 



k=l 



fc=l 



E |A"+i[?7(^)ae(fc)]|A:"<c and ^ | A"+i [?7(^)/39(fc) 



fc'" < c. 



These inequalities are proved in [17] . Using the Leibniz rule for finite difference and 
the relation between finite differences and derivatives, the main task is to estimate 
the derivatives of ag and Pe, where the formula 



i?fc(cos(?) =CA(sin0)i-2A f [, 

Jo 



A-1, 



cos X<j) — cos(fc + A)(/)] (cos (f> — COS 9) 

is used to extend the definition of Rk (cos 9) as a function of fc e R. The estimates 
are rather involved, see 17 for details. □ 

Since rjnf preserves polynomials of degree n, one immediate consequence of the 
inequality (|3.2|) is the following inequality: 

Proposition 3.9. Suppose < t < 7r/(2(n + A)). For any polynomial Pn E 115^+^, 

\\{-Ai,^oy^^Pn\\.,p < ct-^'\\{i-Tty^^Pnh,p. 

The inequality in the proposition is called an inequality of Riesz-Bernstein- 
Nikolskii-Stechkin type in 117'. It implies, in particular, the Bernstein type in- 
equality 

(3.4) \\{~Ah,oy^^PnL,p < cnniP„|U,p. 

Another important consequence of the inequality H3.2() is the following: 

Proposition 3.10. For f e LP{hl), l<p<oo, 

\\{-Ah^oy^\nfh,p < Cn-UJr{f,7T/{2{n + X))),^p. 
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This corollary will help us to prove a direct theorem (Jackson type estimate). 
Much of the difficulty of the proof comes from the fact that the relation 

i^rif; St)f,^p < c max{l, S''}ujr{f; t)^^p 

is not obvious from the definition. It will be established as a corollary of the 
equivalence between Wj.(/;i)K,p and Kr{f;t)i^^p (see Corollary 13. 14|l . However, the 
proof of one direction of the equivalence will use the Jackson type theorem, where 
the other direction is needed in the proof of the Jackson type theorem. This explains 
why only half of the equivalence is given in the following proposition. 

Proposition 3.11. For f G LP{h\), 1 < p < oo, ijjr{f;t)^_p < cKr{f;t)K^p. 

Proof. Let g G WPihl). Using (E^J we get 

(^r{f;t)^,p < c\\f ~ g\\K..p + ujr{g;t)K.,p 

<c(||/-5llK,p + i''||(-A„,or/2g|U,p. 

Taking infimum over g E W^{h'^) gives the stated inequality. □ 

We are ready to prove the Jackson type estimate. The proof follows the one 
given in |17| for the Lebesgue measure, but it differs in a major step: the proof in 
[TTj uses a lemma that is established by a complicated limit argument ( \17\ Lemma 
3.9]), which is in fact being questioned in [T5|. Our proof does not depend on such 
a lemma. 

Proposition 3.12. For f e L^ihl), l<p<oo, 

Enif)^,p < cujrif; Tr/{2{n + A)))«,p. 

Proof. We can assume that / is orthogonal to constants with respect to h^^duj 
since the constant term has no impact on the best approximation or the value of 
U!r{f; t)K.p. We define a sequence rij, j = 0, 1, 2, . . ., as follows: 

no = 1, uj+i = mi{n : ujr{f; V(2(2n + A))) < cj,(/; Tr/{2{2nj + A)))«,p/2} 

for j > 0. The fact that LUr{f; t)f^_p is monotone nondecreasing on (0, tt) shows that 
rij — > oo as — > oo. We claim that the sequence nk/uk-i is bounded by a constant 
c. Suppose otherwise; then there is a subsequence that goes to infinity. Without 
lose of generality, we can assume that Uk/rik-i goes to infinity as /c ^ oo. By the 
definition of Uk, 

oJrif] 7r/(2(2nfe - 2 + A))) > cj,(/; ^/{2{2nk-i + A))),,p/2. 

Write 5k = 7r/(2(2nfc — 2 + A)). Then using the above inequality. Proposition 13. 101 
and Proposition 13 . Ill we have 

nZ^\{-^hflY'^mn,_J\\.,p<CUJr{f-.'K/{2{2nk-l+X))) 

< CUJr{f]5k)K,,p < cKr{f]5k)K,p- 

Consequently, for any given e > 0, the definition of Kj.{f] t),.^ p shows that for some 
g G WP{hl), 

\\{-Ah^or/^r^2n,_J\\^,p<cnl^,Kr{f;e)^,p + c{nk-i/nkr\\{~Ah^oY^^g\\^,p. 

Let £ go to zero and then let k oo. Since Uk-i/rik 0, Fatou's lemma shows 
that II (— Aft,_o)'^^^/IU,p = 0. This shows, however, that / is a constant, which is a 
contradiction to our assumption. 
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By PropositionEH / = Y.'jLiiVnjf -Vn^^iD + Vif in the LP{hl) norm. Hence, 

OO 

E2n,if)n,p< WVnJ - Vn^_^f\\K,p■ 

k=-j + l 

Since rjn preserves polynomials of degree n and r^nflmf = Vmflnf by definition, the 
triangle inequality shows that 

WVnJ ~ Vrik-JWf^.p < h2nj " VnAV2nJ)\\K.p + \\V2nJ - Vnk-i{mnJ)\\ K,p- 

Hence, using Proposition 13. 71 Theorem 13 . 31 and Proposition l3.11l we get 

WVnJ - 7?«fc_i/|U,p < cEn,_,{f]2nJ)K,p 

<cn,7:j|(-A,,o)''/W/|U,p 

^ cn^''\\(-'^hfiy^'^V2nJ\\K..,p 
< cuJr{f:TT/{2{2nk + X))) n.p , 

where the third inequality uses the fact that Uk < cnk-i- The definition of Uk 
shows that 

urif; 7r/(2(2nfc + A))),,p < 2-''- V(2(2n, + A)))«,p, k > j. 
Consequently, we conclude that 

oo 

E2n, {f)n,p < c ^ ^ / {2{2nk + A)))«^p < ccj,(/; 7r/(2(2n,+i + A))),^p. 

fc=i+i 

Let n e N. Choose a positive integer j such that rij < n/2 < n^+i. Then it follows 

Enif).,p < cE2n,{f).,p < ccj,(/;7r/(2(2nj+i + A)))k^p < ccj,(/; 7r/(2(n + A)))«,p 
since uJr{f;t)f^^p is monotone nondecreasing. This proves the proposition. □ 

Now we can prove the equivalence of K-functional and modulus of smoothness: 
Theorem 3.13. For f e LP{hl), 1 < p < oo, 

Proof. The left side inequality is the Proposition 13 . Ill To prove the right side, we 
choose g — rjnf and use Proposition 13. 121 to get 

Kr{f-. t).,p < 11/ - 77„/|U,p + e\\{-^hfir'^l^nf\\n^p 
<EM)...P+t'"\\{-^hfiY'''lnIUp 

< c(l + V(2(n + A)). 

Taking n = inf{fc G N : 7r/(2(n + A)) < i\ and using the monotonicity of LUr{f', t)K_p 
proves the right side inequality. □ 

As a consequence of the above theorem, we are able to state: 

Corollary 3.14. For f G LP{hl), 1 < p < oo, 

^r{f; St)^,p < c max{l, 6''}ujr{f; t)n,p- 

This corollary allows us to replace the quantity 7r/(2(n + A)) by in the 
Jackson type theorem. We state both the direct and the inverse theorems. 
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Theorem 3.15. For f e L'f{hl), 1 < p < oo, 
On the other hand, 

n 

Proof. The proof of the direct theorem foUows from Proposition lH . 1 ll and the above 
corohary. The inverse theorem foUows from the Bernstein type inequahty using 
the standard argument. We note, however, even the inverse theorem needs the 
equivalence in CoroUarv 13.141 The simple proof goes as follows: Let Pn denote 
the polynomial of best approximation to / of degree n. By the equivalent to the 
iC-functional, 

<c(||/-P2™|U,p+n"'''||(-A;,,0)''/2P2™||K.p) 

The rest of the proof follows from the standard argument of writting P2"^ — Po + 
X]jLi(^2J ~ ^2J-i) s-iid using the Bernstein type inequality. □ 

Remark 3.1. The proof of the direct theorem is not constructive because of the 
problem that the equivalence of Wrl/s^K-p ^^.'^ Kr{f\t)t^^p is proved after the first 
direct estimate in Proposition l3.12l However, at the end we see that the polynomial 
rjnf satisfies the Jackson type estimate. 

Remark 3.2. Let be the differential operator defined by 
(3.5) K>.f{t)=w-^\t)[{l-e)w^{t)f'{t)]'. 

Then the Gegenbauer polynomials are eigenfunctions of A^; more precisely, the 
polynomials satisfy the equation Kxf = —n{n + 2A)/ ([201 p. 80]). For g € 
L\wx. [-1, 1]), g^Y. KCt we define {-KxY'^ by 

i-KxT'^git) ^ ^"("(^^ + 2A))'^/'C;t(t). 

Using Proposition 12.41 it is easy to verify that 

{-l:^u,^r/^P,,{hl-x,y)^V^y\~Kxr'^Pn{wx-.{x,v)). 

So that fractional derivative of the reproducing kernel for /i-harmonic expansion is 
related to the fractional derivative of the kernel for Gegenbauer expansion at the 
point t = 1. See also Remark |4. II 

4. Best approximation on the unit ball 
We consider weighted best approximation on B"^ for the weight function 

W^,Jx)^hlix){l~\\xrr-'/', xeB\ 

where fJ. > 1/2 and is an reflection invariant weight function defined on M''. Let 
aK.,fi denote the normalization constant for Wj^ ^. Denote by LP{W^^), 1 < p < oo, 
the space of measurable functions defined on B'^ with the finite norm 

ll/llvy-,,P {ci,,,. j^U{^rW^A^)dx)"\ 1 < p < oo. 
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and for p = oo we assume that is replaced by C{B'^), the space of continuous 
function on B'^. We consider 

En{f)wB^^.p = inf{||/ - P\\wB^,^p ■■ P e nfj. 

There is a close relation between best approximation on B'^ and on 5*^. 

First we recall the relation between /i-harmonics and orthogonal polynomials 
on the unit ball studied in |^|27]. Let V^(VFK,/i) denote the space of orthogonal 
polynomials of degree n with respect to W^.,^ on i?'^. Elements of V^(Wk,^) are 
closely related to the /i-harmonics associated with the weight function 

hfc,f,{yi, ■ ■ -.Vd+i) = h^iyi, . . .,yd)\yd+i\'' 

on R''+^, which is invariant under the group G x Z2. Let F„ be such an /i-harmonic 
polynomial of degree n and assume that Yn is even in the (d + l)-th variable; that 
is, Yn{x,Xd+i) = Yn{x, -Xd+i). Wc can write 

(4.1) y„(y) = r"F„(x), y ^ r{x, Xd+i) e W+\ r = \\y\\, {x,Xd+i)eS^, 

in polar coordinates. Then P„ is an element of Vf^{WK,f^) and this relation is 
an one-to-one correspondence j24) . Furthermore, let AJ^''^ denote the /i-Laplacian 
associated with /i^./x and Aj^'p denote the corresponding spherical /i-Laplacian. 
When AJ^'^ is applied to functions on M'*+^ that are even in the {d+ l)-th variable, 
the spherical ft,-Laplacian can be written in polar coordinates y — r(x,Xd+i) as 
(EHI): 

A;;;^ = A;, - {x, V)2 - 2X{x, V), A = 7k + M + 

in which the operators Ah and V = {di, . . . , dd) are all acting on x variables and 
A/i is the /i-Laplacian associated with on R''. Define 

(4.2) Dl^:=An^{x,Vf^2\{x,V), 

It follows that the elements of V,f(VFK^^) are eigenfunctions of 

(4.3) Dl^P = -n(n + 2A)P, P e V;^(W-i^^). 

For the classical weight function Wl^{x) = (1 — the operator 

becomes a pure differential operator which is classical (see and |1(J[ Chapt. 12]). 

For / e L?'{W^^), its orthogonal expansion is given by 

00 00 

n=0 n=0 

where proj^/^ : L^(VFk,^) ^ ^n{^K,ii) is the projection operator. The fractional 
power of ^ on / is defined by (see (|4.3|) 'l 

00 

i~D^,,P'f ^ ^(n(n + 2X)y/^ proj^ /, / & L^iW^.,). 
Using this operator we define 

Let II • lU./i.p denote the norm on with respect to the weight function 
We have the following important relation. 
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Proposition 4.1. For f e W^iW^^^), define F{x,Xd+i) = f{x). Then 

\\i-D^,Y^'f\\wi^.p = ||(-A;:;f;)'-/2^iu,^,,. 

Proof. This follows from the equation (|4.2(l and an elementary integral 

dx 



g(v)dLo{y)^ / g{x,^l-\\x\\^)+g{x,-^l-\\x\\^) 



X 



2' 



since the correspondence (|4.1|l shows that Yn{hf, ^; F) — projj^'^ /. □ 

In particular, this implies the following Bernstein type inequality: 
Corollary 4.2. For P e IIJ^ and I < p < oo, 

Proof. Let f — P in Proposition 14. II Then the Bernstein type inequality H3.4|l on 
shows Wi-D^^^y/^PWwB^^p < cn'-WFW^.^.p, where F{x,Xd+i) = Fix). The fact 
that ||i^||K./^.p — \\P\\wB .p finishes the proof. □ 

The K-functional between LP{Wj^_p) and >V?(W^i^^) is defined by 

Kr{f: t)wB^,p ■■= inf{||/ - gWwB^^p + t"'\\{-Dl^r^'g\\wB^J, 
which can be used to characterize the best approximation by polynomials: 
Theorem 4.3. For f £ LP{W^^^), 1 < p < oo, 

^n{f)wB^^p < cKrif;n^^)^YB^^p. 

On the other hand, 

n 

Kr{f;n-^)wB^,p < cn--Y.^k + \Y-^Eu{f)wB^,p. 

k=0 

Proof. For / G we associate it with a function F on 5'^ defined by 

F{x,Xd+i) — f{x), {x,Xd+i) G S"^. Let Yn be a polynomial best approximation to 
F of degree n in LP{h^ ^). We can assume that Yn is even in its {d+ l)-th variable. 
Indeed, let ad+iYn{x, Xd+i) := -x^+i); then 

\\F-{Yn+ad+iYn)/2\\^,f,,p < ||F-y„||„.,,.p/2+||^^-r7rf+iy„||,,^,p/2 = ||F-y„||,,^,p, 

where in the last step we changed the sign in the integral and used the fact that 
F is even in its last variable. Thus, if Yn is a best approximation to F, then so is 
(Yn + ad+iYn)/2. Since Yn is even in its last variable, we can use x^_^^^ = 1 — \\x\\^ 
to write Yn{y) = r"P„(x), y = r{x, Xd+i), in which Pn{x) is a polynomial of degree 
n with X G B'^. The integral in the proof of Proposition 14. II shows then 

Hence, if / e WfiW^^^), then by Theorem E31 and Proposition lO 

En{f)wB^,p < En{F),,^,p < cn-^-\\{-Alp'-/^F\U^^^p = cn-^U-D^^^y/^ f\U,p, 

from which the direct estimate follows from the triangle inequality. The inverse 
estimate again follows from the Bernstein type inequality. □ 
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Corollary 4.4. For f e WP{W^_^), 1 < p < oo, 

This appears to be new even in the case of the classical weight function (x) = 
(1 - ||a;||2)M-i/2. Recall that is a second order differential operator for Wf^. 

It follows that if the 2s derivatives of / are in LP(IV^), then the error of the best 
approximation by polynomials of degree n is in the order of 

One can define a mean on B'^ that corresponds to the spherical means Tg f on 5''*, 
but the definition does not look natural on B"^. The same applies to the modulus of 
smoothness defined using Tgf. One interesting question is to find another modulus 
of smoothness on B"^ that is in some sense natural and also equivalent to the K- 
functional defined above. 

Remark 4.1. In the case of d = I, hf^{x) — jxp", k > 0, and we get results on 
approximation theory with respect to the weight function 

w,,^{t)^\trii-t^r-'/^ -i<t<i. 

Even in this case the result in this section appears to be new. Only the case k — 0, 
corresponding to the weight function for the Gegenbauer polynomials, has been 
studied in the literature. In particular, recall the operator Ax defined in H3.5I) . the 
CoroUar v l4 . 21 gives a Bernstein type inequality, which seems to be known only when 
r is an even integer. 

Proposition 4.5. Let 1 < p < oo. For any polynomial g of degree n on M, 

II(-Aa)"/'<?IU„p < cn^\\g\W,„p. 

5. Best approximation on the simplex 

We consider weighted best approximation on the simplex T'^ for the weight 
function 

wi^ix) = hii^, . . . , - \x\r-'/yv^i---=^d, 

where /i > f/2 and is an reflection invariant weight function defined on R'^ and 
is even in each of its variables. The last requirement essentially limits the weight 
functions to the case of group Z2, for which 

(5.1) VFj(x) = x1'-^^^ ■ ■ ■ a;2'"'/'(I - \x\)^'+''^^^ 

(setting /i = Kd+i), which is the classical weight function on T'', the case of hype- 
roctahedral group (see t^lA\\ ) and the case of d = 2 and even dihedral group (see 
(11.51) ). The case of /i^ in (|1.3|l for the symmetric group, however, is excluded since 
it is not even in its variables. 

The background on orthogonal expansion and approximation on T*^ is similar to 
the case of the unit ball B'^. The definitions of various notions, such as || • p, 
En{f)w'^ ,p s-iid V„(M^J^), are exactly the same as in the previous section with T'^ 
in place of B'^. 

There is a close relation between orthogonal polynomials on B'^ and those on T'^ 
(ElOS]). Let P2n be an element oiV2n{Wj^^^) and assume that P2n is even in each 
of its variables. Then we can write P2„ as P2n{x) = Rn{x\,. . . ,a;^). It turns our 
that Rn is an element of V„(Vr^^) and the relation is an one-to-one correspondence. 
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In particular, applying Dy^rs on P2n leads to a second order differential-difference 
operator acting on i?„. We denote this operator by ^. Then (\2H\) 

d-l 



(5.2) Dl^P^^n{n + X)P, P e V,t(M^i^^), A = 7« + + 3 ■ 

For the weight function (|5.1|l . the operator is a second order differential operator, 
which takes the form 

i—l ^ l<i<j<d •' i—1 ^ ' 

(recall /i = k^+i in this case). This is classical, already known in I] at least for d = 2 
(see also |^| Chapt. 12]). For the formula of D]: ^ in the case of hyperoctahedral 
group, see [2H|- 

Proposition 5.1. For f e LP{W^^), define F{x) = f{xl,...,xl). Then F £ 
L^W^^^) and 

(5.3) \\{-Dl,Y'^f\\wi^,, = 2-^\\{-Dl^Y/^F\\^s^^^ 
In particular, 

(5.4) Kr{F-t)wB^,p < cKr{f;t)wT^^p- 
Proof. Writing f ~ J^^^kRk, where Rk G V,'f(VF^^), we have 

= 2--^Cfc(2fc(2fc + 2A))'^/2p^fe(a;) 
= 2-^\-Dl^Y/^F{x), 
where P2k{x) — Rk{x\, ■ ■ ■ , x^) e V|„(VF^^). The elementary integral 

dx 

' V^i ■ --Xd 

then proves equation (|5.3|l . Furthermore, in the definition of Kr{F;t)iYB p, the 
infimum is taken over g £ VV^(M^^^). Taking infimum over functions that are even 
in each of its variables leads to an inequality, 

Kr{F; t)^s^^^p < inf{ II F - G|| + i'' II (-^f,^)''^/'G|| 

in which the infimum is taken over all G G VV^(VF^^) such that G{x) = g{xf, . . . , x^). 
Since {ESI shows that G G yVP{W^^) is equivalent to 5 G WP(VI^^^), the stated 
inequality follows. □ 

Corollary 5.2. For Re U^, l<p< 00, 

Wi-Dl^y/^RW^T^^j, < cn'-||i?||w-,,p- 

Proof. Let P{x) = R{x\, . . . , x^). The above proposition and Corollary 14.21 shows 

\\{-Dl,Y/^R\\wi^,p = 2-^\\{~Dl^Y'^P\\wi^..v 

<c{2nY\\P\\wB^,j, < cn'WRWwi^^p, 
which proves the stated Bernstein type inequality. □ 



/(xi, . . .,Xd)dx = / f{x) 
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Theorem 5.3. For f e LP{WJ^^), 1 < p < oo, 

^'"(f^wi^,p < cKr{f;n-^)wT^^p. 

On the other hand, 

n 
k=0 

Proof. For / G LP(VK^^), we define F{x) = f{xl,...,xl). Then F e LP(W^^^). 
Let P e be a polynomial of best approximation to F in LP{W^^). Let P{xe) = 
P(£ia;i, . . . , EdXd) for e G {—1, 1}''- Since 

\\F-2-' J2 P((-)e)lkB,,p<2-'^ J2 \\F-Pii-)s)\\wi^,, 

e6{-l,l}'' {-1,1}'' 

where in the last step we changed the signs in the integral and used the fact that 
F is even in each of its variables. Hence, we can assmxie that P is even in each of 
its variables. Consequently, we can write P{x) — R{x\, . . . for a polynomial 
i? e nfj. Hence, by Theorem lO 

Thus, inequality (|5.3|l proves the direct estimate. The inverse estimate again follows 
from the Bernstein type inequality. □ 

Corollary 5.4. For f e WP{WI^), 1 < p < oo, 

Remark 5.1. In the case of c? = 1, ^{x) = — x)^^^/^ is just the Jacobi 

weight function on [0, 1]. The Jacobi weight function is usually denoted by 

y^(<^,P){x) = {l-xY{l+xf, -1<X<1. 

The result in this section appears to be new even in this case. In particular, the 
operator -D^^ becomes the differential operator, denoted by A^^^, for the Jacobi 
polynomials 

K..pf{t) - [{i-e)w^^^p\t)r]'/w("^f'\t). 

Then CoroUarv IS . 21 gives a Bernstein type inequality, which seems to be known only 
when r is an even integer. 

Proposition 5.5. Let 1 < p < oo. For any polynomial g of degree n on M, 
||(-Aa,/3)''/^g|L(=,f<),p < cn''\\g\\^(a.,m,p. 
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